Given a finite set A of integers, we define its restricted sumset A+A to be the set of sums of two distinct elements of A -a subset of the sumset A + A -and its di↵erence set A A to be the set of di↵erences of two elements of A. We say A is a restricted-sum-dominant set if |A+A| > |A A|. Though intuition suggests that such sets should be rare, we present various constructions of such sets and prove that a positive proportion of subsets of {0, 1, . . . n 1} are restricted-sum-dominant sets. As a by-product, we improve on the previous record for the maximum value of ln(|A + A|)/ ln(|A A|), and give some related discussion.
Introduction
Let A be a finite set of integers. We define its sumset A + A to be {a + b : a, b 2 A}, its di↵erence set A A to be {a b : a, b 2 A} and its restricted sumset A+A to be {a + b : a 6 = b, a, b 2 A}. It is a natural intuition that, since addition is commutative but subtraction is not, that 'often' we should have |A + A|  |A A|. However it has been known for some time that this is not always the case: for example, the set C = {0, 2, 3, 4, 7, 11, 12, 14}, which is attributed to Conway, has |C +C| = 26, but |C C| = 25. In this paper, sets with this property are called sumdominant: in some other literature, they are described as MSTD (for 'more sums than di↵erences') sets, see, e.g., Nathanson [6] . It is now known by work of Martin and O'Bryant [5] that sum-dominant sets are less rare than they might initially appear: they prove that, for n 15, the proportion of subsets of {0, 1, 2 . . . n 1} which are sum-dominant is at least 2 ⇥ 10 7 . The constant was sharpened, and the existence of a limit shown, by Zhao [11] .
In this paper we investigate what might appear to be an even more demanding condition on a set, namely what we will call the restricted-sum-dominant property.
Definition 1.
A set A of integers is said to be restricted-sum-dominant if |A+A| > |A A|.
There are examples of this. For example, we find the set from Hegarty [3] A 15 = {0, 1, 2, 4, 5, 9, 12, 13, 17, 20, 21, 22, 24, 25, 29, 32, 33, 37, 40, 41, 42, 44, 45} has |A 15+ A 15 | = 86 whilst |A 15 A 15 | = 83.
Clearly any restricted-sum-dominant set is sum-dominant. The converse is false as Conway's set is sum-dominant but not restricted-sum-dominant (|C+C| = 21).
Note that the property of being restricted-sum-dominant is preserved when we apply a bijection of the form x ! ax + b with a, b 2 Z, a 6 = 0. It therefore su ces to consider sets A ⇢ Z with min(A) = 0 and gcd(A) = 1. We shall refer to such sets as being normalised.
The organisation of this paper is as follows. In Section 2 we exhibit several sequences of restricted-sum-dominant sets, addressing some natural questions about the relative sizes of the restricted sumset and di↵erence sets. In Section 3, we show that a strictly positive proportion of subsets of {0, 1, 2, . . . n 1} are restricted-sumdominant sets. In Section 4 we obtain a new record high value of each of f (A) = ln(|A + A|) ln(|A A|) and g(A) = ln(|A + A|/|A|) ln(|A A|/|A|) and give some related discussion. Finally, in Section 5 we improve somewhat the bounds on the order of the smallest restricted-sum-dominant set. We shall, slightly unusually, use the notation [a, b], when a < b are integers, to denote {a, a + 1, . . . b}.
We are grateful to the referee for suggestions which have non-trivially improved the organisation and exposition of this paper, especially in Section 5.
Explicit Sequences of Restricted-Sum-Dominant Sets
Our first sequence of restricted-sum-dominant sets arose by considering the set B = {0, 1, 2, 4, 5, 9, 12, 13, 17, 20, 21, 25, 28, 30, 32 , 33} which appears in [7] and [9] as a set of integers with |B+B| > |(B B) \ {0}|). We then noted that replacing 33 with 29 gives a 16-element restricted-sum-dominant set (which will be T 0 3 below). To get the subsequent terms of the sequence, we used (here and elsewhere in the paper) the idea from [9] , Conjecture 6, that repetition of certain so-called interior blocks when the set is written in order as a sequence of di↵erences can increase the size of the sumset more than the di↵erence set: see [9] for details.
Theorem 2. For every integer j 1 we define
Proof. We deal first with the restricted sumset. Since 0 2 T gives most of the rest: the two missing elements are (4+8j)+(6+8j) = 2+8(2j +1) and 4 + 8(j 1) + 6 + 8j = 2 + 8(2j).
For integers congruent to 3 modulo 8, note that {1, 9, . . . , 1 + 8j}+(2) = {3, 11, . . . , 3 + 8j} and (6 + 8j)+{5, 13, . . . 5 + 8j} = {3 + 8(j + 1), . . . 3 + 8(2j + 1)}.
For integers congruent to 6 modulo 8, {1, 9, . . . , 1 + 8j}+{5, 13, . . . , 5 + 8j} = {6, 14, . . We finally deal with T This completes the claims for the sumset and restricted sumset, noting that clearly 8 and 8(2j + 2) are not in T j+ T j and checking that 8(2j + 1) 6 2 T j+ T j .
As regards the di↵erence set, with 0  x  j + 1 the positive di↵erences resulting from the introduction of the new element have the form Corollary 5. For every integer j 1 the set T j ⇢ Z has
and T j is an restricted-sum-dominant set for every integer j 3. Recall that the diameter of a finite set A of integers is max(A) min(A). There is some interest in finding sets of integers of small diameter with prescribed relationships between the order of the sumset (or restricted sumset) and the di↵erence set: see, e.g., [5] Theorem 4 where sets S x of diameter at most 17|x| are constructed with |S x + S x | |S x S x | equal to x. Our sets T 0 j and T j have respective diameters 8j + 8 and 8j + 9, which is smaller than the sets S x in [5] for j 3.
Further Corollary 5 makes it clear that the di↵erence between the size of the restricted sumset and the di↵erence set can be any odd positive integer. We will get any even di↵erence for |A+A| |A A| in our next construction. This was motivated by the sum-dominant (but not restricted-sum-dominant) set called A 13 = {0, 1, 2, 4, 7, 8, 12, 14, 15, 18, 19, 20} in Hegarty [3] . We exhibit, addressing his remark about the desirability of generalising A 13 , two infinite sequences of (eventually) restricted-sum dominant sets derived from A 13 (which shall be our R 1 ).
Theorem 6. For each integer j 1 define R j ⇢ Z to be the set The elements congruent to 6 modulo 12 in R j+ R j can be obtained as the union of (4) To see that the restricted sumset does not contain any of {17, . . . , 5 + 12(j 1)}, note that none of the sumsets of the progressions with common di↵erence 12 give elements which are congruent to 5 modulo 12 and neither can translates of the progressions by 1 or 4). The remaining elements congruent to 5 modulo 12 are obtained as clearly 5 2 R j+ R j , and also
Finally, to see that R j+ R j does not contain 12(2j) or 12(2j + 1), note that it is impossible to obtain 12(2j) as a sum of distinct elements of R j since the only elements of R j greater than 12j are S = {2 + 12j, 3 + 12j, 6 + 12j, 7 + 12j, 8 + 12j} but none of the numbers in 2(12j) S (namely 10 + 12(j 1), 9 + 12(j 1), 6 + 12(j 1), 5 + 12(j 1), 4 + 12(j 1)) are in R j . Further as 12(j + 1) 6 2 R j 12(2j + 1) is excluded from R j+ R j . This completes the argument for R j+ R j . However, we do have that 12j +12j = 12(2j) 2 R j +R j and (6+12j)+(6+12j) = 12(2j + 1) 2 R j + R j , so both these missing elements get into R j + R j . Since we readily see that none of the numbers congruent to 7 mod 12 ruled out of R j+ R j are in R j + R j either, the sumset is as stated.
To confirm the claim for the di↵erence set as before we consider the positive di↵erences. Writing R j as {1, 4, 12w, 2 + 12x, 7 + 12y, 8 + 12z, 3 + 12j, 6 + 12j} the remainders which occur in R j R j are exactly the set [0, 11] \ {9}. On the other hand, to see that R j R j contains all the claimed di↵erences, note that as 0 2 R j we have R j ⇢ R j R j . Also the right hand sides of Corollary 7. For every integer j 2 the set R j ⇢ Z has
and R j is an restricted-sum-dominant set for every integer j 4.
This indeed confirms that any positive integer can be obtained as
Our fourth sequence of sets, the M j s, also has R 1 (Hegarty's A 13 ) as its first member, but this time we focus not on prescribing |M j+ M j | |M j M j | but instead on getting a reduced diameter 9 + 11j rather than the diameter 8 + 12j of R j . (We were first led to this family by considering Marica's sum-dominant set [4] M = {1, 2, 3, 5, 8, 9, 13, 15, 16}, normalising it and trying to expand it to a restricted-sum-dominant set).
We then have that
Proof. Firstly we show that M j+ M j consists of To see that 3 + 11(2j + 1) / 2 M+M , if it did not we would have a sum of the form (a + 11j) + (c + 11j) = 14 + 22j from elements of M j with a + c = 14, however, since a and c are distinct elements of {1, 3, 4, 7, 8, 9} this is impossible and hence 3 + 11(2j + 1) / 2 M j+ M j . This confirms the claim for the restricted sumset. Furthermore for each m 2 M j the sumset contains 0, 2(7 + 11j) = 3 + 11(2j + 1) and 2(9 + 11j) = 7 + 11(2j + 1) which completes the claim for the sumset.
For the di↵erence set to see that {±9, . . . , ±(9 This completes the claim of the theorem.
Corollary 9. For every integer j 1 the set M j ⇢ Z has
and M j is an restricted-sum-dominant set for every j 2.
Note that the set M 2 has slightly smaller diameter 31 than the other 16-element restricted-sum-dominant set T 
where c 1 and c 2 are positive constants.
Proof. We first note
and show that the right-hand side is a constant by showing that the set of new elements introduced on each iteration is a translate of the set of new elements introduced on the previous iteration. We have We deduce that, for all i 2
Now some elements of (A + A + (2i 2)m) \ (A+A + (2i 2)m) may be in A + A + (2i 3)m and thus in A i 1+ A i 1 . (Translates of A + A by less than (2i 3)m need not be considered). We have
Likewise
The right-hand side of (2) is a translation of the right-hand side of (1) by 2m. (To see this, note it is easy to check for sets of integers that if C i + 2m = C i+1 and
apply this with the obvious choices of C i and D i ). Thus
Since translation by a constant leaves the cardinality of the set di↵erence unaltered it follows that
To see that
for all i 1 we show that the number of additional elements A i + A i contains is constant. All the elements of (A + A) \ (A+A) except for 2m, which is in A i+ A i for i 1 due to 0 + 2m, are excluded from A i+ A i for all i 1. Similarly the elements of ((A + A) \ (A+A)) + 2im except for 2im are excluded from A i+ A i . This means that for all i 1
In other words the di↵erence between the cardinalities of the sumset and the restricted sumset is a constant for all i 1 and (3) holds.
To verify the claim for the di↵erence set, write
Thus we have
But the only sets in [ i 1 j= (i 1) (A A jm) which could intersect (A A im) or (A A + im) are for j = (i 1), j = (i 2) (which will intersect A A im in precisely the one element (1 i)m), j = (i 2) (which will intersect it in precisely the one element (i 1)m) and j = (i 1). Thus for all i 1 
and the overall result follows.
It follows from Lemma 10 that
Corollary 11. There exist arbitrarily large restricted-sum-di↵erence balanced subsets of Z.
Our final sequence of restricted-sum-dominant sets is constructed with a view to obtaining high values of f (A) as defined in the introduction. Again, this set is a modification of one in [9] , which describes Q j \{1 + 4(4j + 7)} for j = 1, 2, 3 as sets giving large sumset relative to the di↵erence set. Including 1 + 4(4j + 7) increases the sumset but does not change the di↵erence set. To see that the sumset contains all the even elements claimed, note first that Q odd+ Q odd gives the following elements congruent to 2 mod 4:
Q odd+ Q odd = {6, 10, . . . , 2 + 4(8j + 15)} ✓ Q j+ Q j .
Clearly 0 + 2 is also in Q j+ Q j , however whilst max(Q j + Q j ) = 2 + 4(8j + 16) this is not in the restricted sumset. As regards the multiples of four, clearly none of these can be obtained from Q odd+ Q odd or Q odd+ Q even . To confirm the elements we claim to be excluded cannot be present note that Q even is symmetric w.r.t. 16(j+2): Q even = 16(j + 2) Q even . Hence Q even+ Q even = 16(2j + 4) (Q even+ Q even ) and Q even +Q even = 16(2j +4) (Q even +Q even ). The restricted sumset of the elements of Q even less than or equal to 32 is We now deal with the di↵erence set. Again, it su ces to consider the non-negative di↵erences. Since all the di↵erences which we claim are excluded are even we need only consider di↵erences of pairs of elements of Q j of the same parity and therefore divide into cases accordingly. The non-negative elements of Q odd Q odd are {0, 4, . . . , 4(4j + 8)}.
The even elements of Q j have the form Thus none of the di↵erences in Q j Q j have the form which we claim is excluded.
To confirm the presence of the remaining di↵erences we have that all the di↵erences congruent to 1 modulo 4 are present since
The elements congruent to 3 modulo 4 follow from
The multiples of 4 are obtained from
For elements congruent to 2 mod 4, the only elements congruent to 2 mod 16 we are claiming to get are 2 and 2 + 16(j + 1); 2 is clearly in, and 2 + 16(j + 1) = 14 + 16(j + 1) 12.
The elements congruent to 6 modulo 16 can be obtained from {24, 40, . . . , 8 + 16j} {2} = {22, 38, . . . , 6 + 16j}.
The only elements congruent to 10 mod 16 we are claiming are 10 + 16(j + 1) = 12 + 16(j + 1) 2 and 10 = 12 2. Finally, the only element congruent to 14 mod 16 we claim is present is 14 + 16(j + 1) 2 Q j .
Corollary 13. For the set Q j defined above we have
(and |Q 1+ Q 1 | = 90). Thus Q j is an restricted-sum-dominant set for all j 1.
The Proportion of Restricted-Sum-Dominant Sets Is Strictly Positive
Martin and O'Bryant prove that for n 15 the number of sum-dominant subsets of [0, n 1] is at least (2 ⇥ 10 7 )2 n (see Theorem 1 of [5] ). Their result has been improved by Zhao [11] who shows that the proportion of sum-dominant sets tends to a limit and that that limit is at least 4.28⇥10 4 . In this section we will show that the proportion of subsets of {0, 1, 2, . . . n 1} which are restricted-sum-dominant is bounded below by a much weaker constant. It may well be that Zhao's techniques, or others, can be modified to improve the result but at least a substantial piece of computation would appear to be required and our concern at present is simply to show that a positive proportion of sets are restricted-sum-dominant sets. Note that the fact that a positive proportion of sets have more di↵erences than restricted sums is an immediate consequence of Theorem 14 in [5] . Many lemmas etc. in what follows are very slight modifications of corresponding results in [5] and we merely present these proofs without further comment. However the construction of the two 'fringe sets' U and L is notably more involved.
Lemma 14. Let n,`and u be integers such that n `+ u. Fix L ✓ [0,` 1] and U ✓ [n u, n 1]. Suppose R is a uniformly randomly selected subset of [`, n u 1] (where each element is chosen with probability 1/2) and set A = L [ R [ U . Then for every integer k satisfying 2` 1  k  n u 1, we have
Proof. Define an indicator variable
Since A = L [ R [ U the X j are independent random variables for` j  n u 1, each taking values 0 or 1 equiprobably. For 0  j ` 1 and n u  j  n 1 the values of X j are dictated by the choices of L and U . Now, k / 2 A+A if and only if X j X k j = 0 for all 0  j  k/2 1. (j = k/2 would not give a restricted sum). The random variables X j X k j for 0  j  k/2 are independent of each other. Hence
When k is odd we have
When k is even
Lemma 15. Let n,`, u, L, U, R and A be defined as in Lemma 14. Then for every integer k satisfying n +` 1  k  2n 2u 1, we have
Proof. This is similar to the previous lemma, but we consider di↵erent intervals for the summands. For k odd, we have
For k even, as k = k/2 + k/2 is forbidden,
Proposition 16. Let n,`and u be integers such that n `+ u. Fix L ✓ [0,` 1] and U ✓ [n u, n 1]. Suppose R is a uniformly randomly selected subset of [`, n u 1] (where each element is chosen, independently of all other elements, with probability 1/2) and set A = L [ R [ U . Then for every integer k satisfying 2` 1  n u 1,
Proof. We crudely estimate
The left summation of the line above can be bounded using Lemma 14:
The summation on the right can be bounded similarly, using Lemma 15, to give
, which is equivalent to the claim of Proposition 16.
We now come to the main result. Whilst the respective lower and upper fringes U = {0, 2, 3, 7, 8, 9, 10} and L = {n 11, n 10, n 9, n 8, n 6, n 3, n 2, n 1} used by Martin and O'Bryant are su cient for the sum-dominant case these fall some way short of what is required for a restricted-sum-dominant result. However we can again use Spohn's idea of repeating interior blocks. After a few iterations we get the new fringes, which we shall henceforth refer to as L and U , to fit with the earlier lemmas. Thus from now on Theorem 17. For n 120, the number of restricted-sum-dominant subsets of [0, n 1] is at least (7.52 ⇥ 10 37 )2 n .
Proof. With L and U as just defined, one can check that U L = [n 119, n 1] \ {n 7, n 14, n 21, n 28, n 35, n 42, n 49, n 56}. Now since n 7, n 14, n 21, n 28, n 35, n 42, n 49, n 56 / 2 U L it follows that ±(n 7), ±(n 14), ±(n 21), ±(n 28), ±(n 35), ±(n 42), ±(n 49), ±(n 56) / Martin and O'Bryant's Lemma 7 and Theorem 16 for a subset S of an arithmetic progression of length n can also be adapted to give the following result.
Theorem 18. Given a subset S of an arithmetic progression P of length n for every positive integer n, we have
n (2n 15) + ( 26 · 3 (n 1)/2 , if n is odd, 15 · 3 n/2 , if n is even. 
P
S✓P |S S| ⇠ 2n 7 gives that on average the di↵erence set has eight elements more than the restricted sumset. Details will appear in [10] .
Note also that because the sumsets and restricted sumsets in each of our families T 0 j , T j , M j , R j and Q j only di↵er in order by a constant, the function g(A) = ln(|A+A|/|A|) ln(|A A|/|A|) will give similar insights to g.
The Smallest Order of a Restricted-Sum-Dominant Set
We noted above that we have two restricted-sum-dominant sets of order 16, namely T 0 3 and M 2 : we know of no smaller examples. In this section we reduce the range in which the smallest restricted-sum-dominant set can be.
Hegarty ( [3] , Theorem 1) proves that no 7-element subset of the integers is sum-dominant, and that up to linear transformations Conway's set is the unique 8-element sum-dominant subset of Z. As Conway's set is not a restricted-sumdominant set there is no 8-element restricted-sum-dominant set of integers.
Further Hegarty finds all 9-element sum-dominant sets A of integers with the additional property that for some x 2 A + A there are at least four ordered pairs (a, a 0 ) 2 A ⇥ A with a + a 0 = x. There are, up to linear transformations, 9 such sets, listed in [3] as A 2 and A 4 through to A 11 . It is easy to check that none of these nine sets is restricted-sum-dominant.
Thus, the only possible 9-element restricted-sum-dominant sets of integers have the property that for every x 2 A + A there are fewer than four ordered pairs (a, a 0 ) such that x = a+a 0 . This condition implies that there is no solution of x+y = u+v with x, y, u, v all distinct, so such a set is a weak Sidon set in the sense of Ruzsa [8] .
Defining (n) for n 2 A A to be the number of ordered pairs (x, y) such that x y = n, it is shown in the proof of Theorem 4.7 in [8] that for a weak Sidon set, (n)  2 whenever n 6 = 0 and at most 2|A| elements n have (n) = 2. Thus, noting 0 has |A| = 9 representations and putting m = |A A|, 81  9 + (2 ⇥ 9) ⇥ 2 + (m 19) ) m 55 so if such a set were to be sum-dominant its sumset would have to have order at least 56. But of course |A + A|  9 ⇥ 10/2 = 45, and we have proven Theorem 22. All sum-dominant sets of integers of order 9 are linear transformations of one of Hegarty's nine sets A 2 and A 4 to A 11 . None of these is restrictedsum-dominant, so there is no restricted-sum-dominant set of order 9.
We thus know that the smallest restricted-sum-dominant set of integers has order between 10 and 16. It appears a non-trivial computational challenge to find the order of the smallest restricted-sum-dominant set.
